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ON A CONJECTURE OF ZHAO RELATED TO STANDARD RELATIONS
AMONG CYCLOTOMIC MULTIPLE ZETA VALUES

HENRIK BACHMANN AND KHALEF YADDADEN

ABSTRACT. We provide a proof of a conjecture by Zhao concerning the structure of certain
relations among cyclotomic multiple zeta values in weight two. We formulate this conjecture in
a broader algebraic setting in which we give a natural equivalence between two schemes attached
to a finite abelian group G. In particular, when G is the group of roots of unity, these schemes
describe the standard relations among cyclotomic multiple zeta values.
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INTRODUCTION

The purpose of this paper is to give a proof of a conjecture of Zhao and to compare two
distinct frameworks describing the algebraic relations among multiple zeta values and more gen-
erally multiple polylogarithms at roots of unity. Multiple polylogarithms generalize the classical
polylogarithms and are defined for ki,...,k. > 1 by

Z’f’l “ .. an
: § : r
(1) Ll(k1,...,kr) (2’1, e 7Z7") — 7k1 o
ni>>ne>0 11 T

which converge for suitable values of z;. In (1) we call r the depth and ki + - - - + k, the weight.
The special case where k1 > 2 and 23 = -+ = z, = 1, yields multiple zeta values (MZVs)
C(k1, ... k) = Ligg,  g,)(1,...,1). From the perspective of Thara, Kaneko, and Zagier [IKZ06],
conjecturally all algebraic relations of MZVs are a consequence of the extended double shuffle
(EDS) relations. Another special case for the values of z; in (1) is when they are N-th roots of
unity. The resulting values are sometimes referred to as colored or cyclotomic multiple zeta values
of level N. Besides the extended double shuffle relations these values also satisfy the so-called
finite and regularized distribution relations. The main result of this work is the following.
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Theorem I ([ZhalO, Conjecture 4.7]). In weight two, all reqularized distribution relations are
consequences of the extended double shuffle relations, finite distribution relations of weight one
and finite distribution relations of depth two.

We will prove a more general variant of Theorem I, which provides a similar statement regard-
ing a generalization of the distribution and double shuffle relations. This generalization will be
presented within two distinct algebraic frameworks. Theorem I will follow as a consequence of
Theorem 2.10 and Proposition 2.11, established in this broader context. One framework extends
the algebraic setup of Thara, Kaneko, and Zagier ([IKZ06]), while the other was introduced by
Racinet ([Rac02]). In the following, we will outline these two frameworks and compare them.

Following Thara, Kaneko, and Zagier ([IKZ06]), the double shuffle relations can be viewed as a
comparison between two product formulas satisfied by MZVs. To describe them, one introduces
a space 9 equipped with two products: m (shuffle product) and * (harmonic product). MZVs
are then seen as an algebra homomorphism from $° to R with respect to both products. By
extending this map in two natural ways, through regularization, to two algebra homomorphisms
from a larger algebra $° C ! to R[T], along with an explicit comparison map p : R[T] — R[T]
between both regularizations, the extended double shuffle relations are established. In the con-
text of cyclotomic multiple zeta values, one can similarly describe the algebraic relations satisfied
by these values (e.g. [AKO04, Tas21, YZ16]) by considering them as algebra homomorphisms of
an extension of $°.

In this paper, we generalize this algebraic framework by introducing a space .V)% associated
with a finite abelian group G. We then provide a definition of what it means for a QQ-linear map
Z A from .V)% to a Q-algebra A to satisfy the extended double shuffle relations. In the cases where
G is trivial or where GG is the group of N-th roots of unity, this notion reduces to the classical
cases of multiple zeta values and their level N analogues, respectively. For a given group G and
Q-algebra A we then introduce the set EDS(G)(A) of all such maps.

A somehow dual point of view of the above story is Racinet’s ([Rac02]) approach of the study
of MZVs through the lens of groupoid-enriched Hopf algebras, emphasizing the role of group
actions and the double shuffle relations in this context. In his framework, one considers formal
non-commutative power series with coefficients in A, which are, after a certain correction, group-
like for two different coproducts. Denote by DMR(G)(A) (Definition 1.14) the set of all such
series. This formalism builds upon the notion of Drinfeld associator introduced in [Dri91] which
is a generating series of MZVs that satisfies associator relations describing periods of mixed Tate
motives. It is shown in [Furll] that associator relations imply double shuffle relations and it
is conjectured to be equivalent. A cyclotomic analogue of Drinfeld associator called cyclotomic
associator is studied by [Enr08] and its connection with double shuffle relations was established
in [Furl3].

Both the setup introduced by Ihara, Kaneko, and Zagier and the one introduced by Racinet
have been used by various authors to describe the relations among multiple polylogarithms or
(cyclotomic) multiple zeta values. Their equivalence is in some sense common knowledge among
the community but, as far as the authors know, it was not written down precisely somewhere
so far, except for the classical case of trivial G (cf. [ENRO03, Proposition 3.1], [Bur23]). In this
work, we give an explicit comparison for arbitrary G by assigning to a Za € EDS(G)(A) an
element ®z, oz, € DMR(G)(A) (Definition 1.16), such that we have the following

Theorem II (Theorem 1.18). The following map is bijective

) EDS(G)(A) — DMR(G)(A),
( ) ZA — (I)ZAO@LU'
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Racinet’s viewpoint introduces a more general setup then the one of Ihara, Kaneko, and
Zagier, accommodating also the so-called distribution relations. For multiple polylogarithms
these were explicited by Goncharov [Gon98, Gon01].

Distribution relations are not a consequence of the extended double shuffle relations and
they are trivial in the classical case if G is trivial. Both are part of the so-called standard
relations among the cyclotomic multiple zeta values ([Zhal0O]) in the case if G is the group
of roots of unity. The distribution relations were incorporated by Racinet by introducing a
subset DMRD(G)(A) € DMR(G)(A), which gives the subset of elements that additionally satisfy
these relations. As a counterpart to this, we introduce the subset EDSD(G)(A) C EDS(G)(A)
(Definition 2.8) and show the following.

Theorem IIT (Theorem 2.9). The bijection (2) restricts to a bijection
EDSD(G)(A) — DMRD(G)(A).

While the result of Theorem II may be regarded as a well-known fact among experts, it has
not yet been explicitly documented in the literature in the general form presented here. Nev-
ertheless, we emphasize that the result in Theorem III is novel, as the concept of the space
EDSD(G)(A) is entirely new and has not been discussed or introduced elsewhere.

Acknowledgments. This project was partially supported by JSPS KAKENHI Grants 23K03030
and 23KF0230. The authors would like to thank Hidekazu Furusho and Benjamin Enriquez for
fruitful comments on this project.

Notation. Throughout this paper, we will use the following notations

(i) G is a finite abelian (multiplicative) group.
(ii) Xg = {zo} U{zg4lg € G}.

(i) Yo = {yngl(n,9) € Z>o x G}.

(iv) A is a commutative Q-algebra with unit.
(v) L£* is the monoid generated by a set L.

1. DOUBLE SHUFFLE RELATIONS

In this section, we review two fundamental formalisms used in the algebraic setup of double
shuffle relations. We recall Racinet’s formalism as presented in [Rac02] encoding double shuffle
relations into a scheme DMR(G) attached to a group G. Another formalism was developed
by Thara, Kaneko and Zagier [IKZ06] for trivial G and Arakawa, Kaneko [AK04] for general
G. Following Racinet’s approach, we encode this formalism into a scheme denoted as EDS(G).
The section concludes by proving that the schemes DMR(G) and EDS(G) are isomorphic, thus
establishing formally the equivalence between the two formalisms.

1.1. The scheme EDS of extended double shuffle relations. Denote by $ := Q(X¢) the
free non-commutative associative polynomial Q-algebra with unit over the alphabet Xg. Set

DG =Q+ > Horg and 9% =Q+ D zHaTs+ Y THE-
geG geG geG#{1}
One checks that we have the following inclusion of Q-algebras

HY CHE C He.

For (n,g) € Zso x G, the assignment y,, — xg_lwg establishes a QQ-algebra isomorphism

Q(Yg) ~ .65. We shall identify these two algebras thanks to this isomorphism.
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Definition 1.1. We define the shuffle product m on )i inductively by

lmw=wml=w for w a word in H¢
uwy m vwe = u(wy mw vwy) + v(uwy m we) for wi, ws words in Hi and u,v € Xg,
and then extending by Q-bilinearity.

The product m gives i the structure of a commutative Q-algebra, which we denote by g .
The subspaces .V)é and .V)% then become subalgebras of ¢ denoted ﬁé‘,m and 5’)%7111 respectively.

Definition 1.2. We define the harmonic product * on .V)é inductively by
lxw=wx1l=w
Yny g1 W1 * Yng,gsW2 = Yny g1 (W1 * Yny goW2) + Yny s (Yny 9101 ¥ W) + Yny+na, g1go (W1 * W2),
for words w,wy,ws in HE, (n1,g1), (n2, g2) € Zso x G; and then extending by Q-bilinearity.

One checks that 5’)&* = (ﬁé,*) is a commutative Q-algebra and that .6%7* = (.6%,*) is a
subalgebra of 5’)&7 e
Let q; be the Q-linear automorphism of $¢ given by ([Rac02, §2.2.7])

ni—1 no—1 n.—1 Net1—1\ _  ni—1 no—1 n,.—1 Nyy1—1
Aol ™ T 20 Tgy - Ty g, T ) =" @, 2 Tgogr' " T0 Tgg71 To )
for m,ny,...,npy1 € Z~o and g1, ..., g € G. Its reciprocal is given by
ni—1 ng—1 n.—1 Npt1—1 ni—1 no—1 n.—1 Npt1—1
Lo  Tgio~ Tgy ' Ty Tg.To = Zy Ta®y  Tgige Ty TgiegnTo :

One checks that q restricts to a Q-linear automorphism of .65 which we denote q; as well and
is given by

QG(yn1791yn2,g2 T ynr,gr) = ym,glynQ,gngl o ynrygrg;_ll )

Moreover, q also restricts to an A-module automorphism of .V)% also denoted q.

Definition 1.3. A Q-linear map Za : H° — A is said to have the finite double shuffle property
if it is an algebra homomorphism for mr and if Z o qél is an algebra homomorphism for *. i.e.

Za(w)Za(we) = Za(wy m wo),
Za(ag (1)) Za(ag (w2)) = Za(ag (w1 * wy)),
for all wy,ws € $°.

Example 1.4. In the classical case ([AKO04],[IKZ06]), one takes A = C and for a fixed N > 1 one
considers the group of N-roots of unity G = pun. Let us consider the Q-linear map Z¢ : 532 v~ C
given by 1 — 1 and for k > 0,

1
0

dt
z=1-¢t-

/abwlz/abfl(t)dt
/abwl---wn:/ab</atw2---wn>fl(t)dt ifn>1,

where €, = % and €, = Here, the iterated integrals are recursively defined by
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where wy,...,w, are complex valued differential 1-forms defined on a real interval [a,b] such
that w; = fi(t)dt with complex functions fi, ..., f,. It is known that (see, for example, [Gon98,
Theorem 2.1])

Tzqeezp

1
. _ ki1 ko—1 kr—1
Ll(lﬁ,...,kr) (2’1, S 727’) = A on szl on szle S Q$€ Q

(3) = 2 0 Ay (20" 0y 167 ey o2 ).

Therefore, for instance, the harmonic product
Y21 ¥ Ylze = YLz Ylzo T Y1,20Y1,210 T Y2212
corresponds to the identity
Liy(21) Lt (22) = Li(1,1y(21, 22) + Li(1,1)(22, 21) + Liz(2122)-
The shuffle product
Lo MLy = Ty Lpy + Ty MIT 4,
corresponds to the identity
Li1 (21) Li1(22) = Li(y 1)(21, 21 '22) + Li(1 1) (22, 2123 ).
Finite double shuffle relations is then expressed by the identity
Li( 1) (21, 22) 4+ Li(1 1) (22, 21) + Lia(2122) = Li(1 1) (21, 21 '22) 4 Li(11) (22, 2125 ).
Definition 1.5. Define the Q-algebra homomorphism Tegl, : Hgm — jﬁoG’m[T] such that it is

the identity on $° and maps z¢ to 0 and z; to T
Define the Q-algebra homomorphism regl : %, . — 92 [T to be the restriction of Tegl, to H,
(see [Zhal0, §3] and [IKZ06, §3] for G = {1}).

Lemma 1.6. For w = z,w' € $g, with g € {0} UG \ {1}, we have the following equality in

50, [7]
rogl (1) =y (R () ) exp(Tu),

1—2u 1+ xu
where u is a formal parameter and regy : HGm — Y)};m is the Q-algebra homomorphism such
that it is the identity on Y)é and maps xq to 0.

Proof. This is a generalization of [IKZ06, Proposition 8]. Its proof, and the one of [IKZ06,
Proposition 7] which is used therein, can be adapted to our setup without any major change. O

Corollary 1.7. For w = z,u’ € .V)% we have

. 1 1 . (Tu)
re w =X — W ex u).
S\ T 21 I\1+z1u P

Proof. This is an immediate consequence of Lemma 1.6. O

Lemma 1.8. Let Zj : ﬁ%’m — A be a Q-algebra homomorphism. Then it extends to a unique
Q-algebra homomorphism

Z'n - 96.m — A[T]
which agrees with Za on .V)% and maps xo to 0 and x1 to T.

Proof. 1t follows by considering the compositions

(4) B —2 5% T] ~ 6% L @ Q[T] 2224 A © Q[T] ~ A[T].



6 HENRIK BACHMANN AND KHALEF YADDADEN

Corollary 1.9. Let Za : 5%,111 — A be a Q-algebra homomorphism. Then it extends to a unique
Q-algebra homomorphism
7R Hem — A[T]
which agrees with Za on Y)OG and maps x1 to T.
Proof. Tt follows by restriction of Z'4 from Lemma 1.8 to .V)é. O

Corollary 1.10. Let Zy : 5’)%7111 — A be a Q-algebra homomorphism. We have (equality of
Q-algebra morphisms HGm — A)

Z A oTeg, = eVOA 072
Proof. 1t follows from composition (4). O
We define the A-module automorphism pz, of A[T] such that
pza(exp(Tu)) = Iz, (u) exp(Tu),

where I'z, (u) is the power series defined by

Pa() = exp [ S EL 7, (ap-tag

n>2

Definition 1.11. We define EDS(G)(A) to be the set of elements Za € Homg(H%, A) such
that

(a) Za : ﬁ%,m — A is an algebra homomorphism;

(b) pZ\ 0o Z%oqg: ,6};7* — A[T] is an algebra homomorphism.

An element of EDS(G)(A) is said to have the extended double shuffle property.

Remark 1.12. Assume that a Q-linear map Zx : Y)OG — A has the finite double shuffie property,
that is, it is an algebra homomorphism for mr and Z o qél is an algebra homomorphism for .
Similar as in Corollary 1.9 we can also extend the algebra homomorphism Za o qél : ,60(;7* — A
to an algebra homomorphism 73} : ,6};7* — A[T]. If Z has the extended double shuffle property,
then we have Z} = p~! o Z4.

Example 1.13. The Q-linear map Z¢ : ﬁgN — C in Example 1.4 has the extended double
shuffle property (cf. [ZhalO, Theorem 2.9]) and therefore gives and element in EDS(un)(C).

1.2. The scheme DMR of double shuffle and regularization relations. Let A{(Xg)) be
the free non-commutative associative series A-algebra with unit over the alphabet Xq. It is the
completion of the graded A-algebra A(X¢) ~ Hc ® A where elements of X has degree 1. One
equips the algebra A((X¢)) with the Hopf algebra coproduct ﬁg,m A (X)) — A<<Xg>>®2,
called the shuffle coproduct, which is the unique A-algebra homomorphism given by ﬁg,m(a:g) =
rg®1+1® x4, for any g € G U {0} ([Rac02, §2.2.3]). Let then G(A((X¢g))) be the set of
grouplike elements of A((X¢)) for the coproduct Agm, i.e. the set

G(A((Xc)) = {® € A((Xe)" | Agu(®) = @ B},

where A{(Xg))* denotes the set of invertible elements of A((Xs)).

Let A{((Ys)) be the free non-commutative associative series A-algebra with unit over the
alphabet Y. It is the completion of the graded A-algebra A(Yy) ~ Y)é ® A where elements
Un,g ((n,9) € Zxo x G) of Y has degree n. The algebra A((Ys)) can be viewed as a subalgebra
of A((Xg)) thanks to the mapping y, 4 — i 'z,. One equips the algebra A((Ys)) with the
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Hopf algebra coproduct AG,* CA((Ye)) = A((Ye))®2, called the harmonic coproduct, which is
the unique A-algebra homomorphism such that ([Rac02, §2.3.1])

n—1

AG’,*(yn,g) =Ung®1+1R®yYng+ Z Yk,h @ Yn—k,gh—1>

k=1
heG

for any (n,g) € Zso x G. Let then G(A((Ys))) be the set of grouplike elements of A((Ys)) for
the coproduct Ag 4, i.e. the set

GIA((Ye))) ={¥ € A((Ya)" |Ag.(¥) = ¥ @ ¥},

where A{((Ys))* denotes the set of invertible elements of A((Ys)).
Recall the direct sum decomposition (of A-submodules) (see ([Rac02, §2.2.5])

A((Xg)) = A((Ya)) © A{(Xg))xo.

Let then 7y, : A{(Xq)) = A((Yg)) @ A((Xq))zo — A{(Ys)) be the projection from A((Xq))
to A{(Ys)), that is, the surjective A-module homomorphism such that it is the identity on
A((Yq)) and maps any element of A((X¢))zo to 0.

Define the graded A-module automorphism qg of A(Xg) as the composition

A(Xe) ~ A ® Ho 2299 A @ He — AXe).
Its completion is an A-module automorphism of A((X¢)) that we shall denote qg as well.

Finally, define the map

A((Xg)) = A%, @ 5 (@), .

where ® = Zwexg (®lw)w

Definition 1.14 ([Rac02, Definition 3.2.1]). We define! DMR(G)(A) to be the set? of & €
A((Xq)) with (®|z¢) = (®|z1) = 0 such that

() Agu(®) =P ®® and (D|1) = 1;

(b) Ag«(Py) = 4 ® Dy, where @, := Do Ty, (qa(P)) € A((Yg)) and

(_1)n—1 n—1 n
Do = €Xp Z T(Cb\xo x1)x]

n>2
Example 1.15. Set A =C, G = puy and (n = e'~". Define (see, for example, [Furl3])

lo—1 lr—lr— —1 1 i1—1
_1+E L(zl, i (]\2[ 1,..., ]\T[ " I,CNT) BT xd\?---x%l X .1y

N
+ (regularized terms)

called the cyclotomic associator (see [Enr08]), which for N = 1 corresponds to the Drinfeld
associator (see [Dri91]). It satisfies

zG,m(q)ﬁz) Dy ® PRy, and Ag (PRz,) = PRz, © PR,

which at the level of coefficients correspond to the double shuffle and regularization relations of
cyclotomic multiple zeta values (see [Rac02]).

1The notation DMR is for "Double Mélange et Régularisation” which is French for ”Double Shuffle and
Regularization”.
2In [Rac02], this is the set denoted by DMR(G)(A).



8 HENRIK BACHMANN AND KHALEF YADDADEN

1.3. Comparison between EDS(G)(A) and DMR(G)(A). Denote by evy : A[T] — A the
evaluation map at T'= 0 and set

0
reg, ‘= evgj"‘ o regg,

the unique Q-algebra homomorphism $,; — $H° such that it is the identity on $° and maps
both z¢ and z1 to 0.
Recall from Definition A.2 the pairing
A((L) QL) — A
YOwr— (¥ | w),
where £ = X or Y. Direct computations enables one to prove that

(5) ac(®) = Y (¢ ] qg' (w))w.

weL*

Definition 1.16. Given a Q-linear map Za : .V)% — A, we define the following element in
A{(Xa))

Vyporem, = D Za(Te8u(w)w.
weXé

Theorem 1.17. Zx € EDS(G)(A) <= Pz, o5, € DMR(G)(A).
Proof. First, by definition of Teg,, and by linearity of Za, we have for i € {0,1},

(P2 poreg,, |Ti) = Za(Tegy(zi)) = 0.
Next, since reg,, : HGm — 5%,111 is an algebra homomorphism, the map Zx : .V)%’m — A is an
algebra homomorphism if and only if Za oTeg, : HGm — A is an algebra homomorphism. More-
over, thanks to Proposition A.4, applied to £ = Xg, ¢ = ZpoTeg,, *o = mand A, = Ag u, the
map Za oTeg, : Hgm — A is an algebra homomorphism if and only if ® 7, oz, € G(A((Xa)))-
Finally, since ev‘oA is an algebra homomorphism, the map p}i 0ZRjo qal : 5’)&, ., — A[T] is an
algebra homomorphism if and only if evé ) p}i oZjo qal : ﬁlG’* — A is an algebra homomor-
phism. Moreover, thanks to Proposition A.4, applied to £ =Yg, ¢ = evOAo,oZ\ toioqal, Ko = ¥
and ﬁ*o = AG,*, the map evy* o p}i o Z\o qél : 9, — A[T] is an algebra homomorphism if
and Only if (pevvopgioZqual S g(A<<YG>>) Let us show tha‘t(bevvopgztoioq&l = g(A<<YG>>) if

and only if (@7, o)« € G(A{(Ye))). In order to do so, it is enough to show that?
(6) (Pzacre,, )« = Poya

Step 1 Evaluation of ® _a_ 1 1. We have

_ il -
evy opZAoZAqu

op}i oZRoqal :

_ A —1 1 —1
(7) (I)eva“opgioZRoqal - Z €vg © pZA © ZA °qqg (’U)) w.
wey*

Step 2 Evaluation of (®7,creg, )+ = (PZacreg, Jeorr Tvg (AG(Pza0reg,))- In particular,

(_1)n—1 n—1 n
((I)ZAoﬁm)corr = €Xp Z T ((I)ZAO@m’mO .%'1) 3
n>2

—1)" B B
= exp —Z( n) Za (zf 1:61) xy :I’Zi(azl),
n>2

3For the special case of Z¢ in Example 1.4 this was shown in [YZ16, Theorem 3.13].
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and
Tyg © A6 (P24 oteg,) = Ty © G Z Z A (Tegy (w Z Z A (168, (w)) Ty, (aa(w))
weXE weXE
_ _ -1
= Z Za(reg, (w)) qa(w) = Z Za oregy oqg (w)w,
weYs weYs

where the second equality follows by linearity of 7y, o qg, the third one by definitions of my,,
qc and Teg,, and the fourth one from identity (5). Therefore,

(8) (P zporeg, ) = Z Za oregy o qg (w) I’}i (x1)w
weYS

In order to prove equality (6), it suffices to prove that

((EZA)*"%'TU)O) = (‘bevoopzioZRqul‘xTwO) )

for any m € Z>p and any wg € .VJ%.

Step 3 Evaluation of pz\. Let u be a formal parameter.
Let us write

9) Tk (u)=> i,
>0

where 7, are elements in A expressed in terms of images by Za. This implies that
l .
T! > T3
1 <_ -3,
- 7] -\
A | — Nl
! = (l—j)
for any | € Z>o.
Step 4 Evaluation of reg, (z} q5' (wp)) for any n € Z>¢ and wy € H.

Recall that qg' (wp) € H2, since wy € HY. Therefore, one may write q;' (wp) = z4w) for some
g € (GU{0}) ~ {1} and wj € H,. By Corollary 1.7 for the case w = qal (wp) we obtain

Tl
T -1 k. .k, k / l
regy g ziu" qo (wo) | = x4 E (—1)"z{u"mwy T
n>0 k>0 >0

for a formal parameter u. This implies that
- —1)*
(10) regh (ot g (wo)) = S0 U (abmug

k,1>0
k-l—l n

for any n € Z>g, and therefore

(11) regy (27 ag' (wo)) = (—1)"ag (2} mwp).
Step 5 Evaluation of ((® 7, creg, )« |2 wo)-
Injecting in (8) the expressions (9) and (11) from Step 3 and Step 4 respectively, we obtain

((®znoreg, )<l wo) = Y Za oregy oaqg' (@fwo)yi = Y Za oregy(af ag' (wo))y

k>0 k>0

k+l=m k+l=m
= > (-1 Za (wyatmup) ) i

k>0

k+l=m
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Step 6 Evaluation of <<I> 1|x71”w0>. We have

eVOAOpE;OZXOqC_;
m _ A —1 I —1/,.m _ A —1 m,m . —1
<q)ev§0pg;ozgoqg;1 | w0> = evy 0py, © Zx o dg (x1'wo) = evy o py, o Zx (21" qg (wo))

_ T!

—evio pZi Z (=1)kZa <xg(xlfmw6)> T
k>0 ’
k+l=m

l

i
= evé Z (—1)kZA <$g($lfmw6)> ZWJ‘ (ZT_ ]])l

k,l1>0 j=0
k+l=m

= Z (—1)*Za <:cg(xlfmw6)> i,
k>0
k+l=m

where the first equality comes from expression (7) and the third one from the Composition (4)
which interprets Z as a composition involving regl which enables us to use expression (10).

Therefore, we have

((@ZAO@HI)*MTUJO) = Z (—1)kZA <:Ug(xlfmw6)> v = (q)evvopgl OZXOqC_;1|x71”w0> )
k>0 A
k+l=m

which establishes equality (6). O

Theorem 1.18. The map

EDS(G)(A) — DMR(G)(A)
(12)

ZA — (pZAoﬁm
is bijective.

In order to prove this, we will need the following result:

Lemma 1.19. Let Zy : 5%,111 — A be a Q-algebra homomorphism. Then Za oTeg, : Hom — A

s the unique Q-algebra homomorphism such that it agrees with Za on .V)% and maps xg to 0
and x1 to 0.

Proof. This follows by definition of Teg,. O

Proof of Theorem 1.18. Let us start by showing that the map (12) is injective. Indeed, let
Za and Z), € EDS(G)(A) such that ®z,oreg, = Pz, oreg,- This implies that Za o Teg,(w) =
7' oteg, (w) for any w € X*. In particular, for any wg € X*NHY, one obtains Za (w) = Z/y (w).
Then one concludes the equality by linearity.

Now, let us show surjectivity. Let ® € DMR(G)(A). Define the linear map Z4 : H% — A such
that wo — (®|wyp), for wy € X* N HY. Thanks to Theorem 1.17, the result follows if we show
that ® = ® 7, oreg, . This is equivalent to show that

(13) (lw) = Za 0 TG,y (w),

for any w € X¢. Let us consider the linear map za : ¢ — A such that w — (®|w) for any
w € X7. It is immediate that this map agrees with Za on ﬁOG and maps xg and z1 to 0. In
addition, since ® € G(A((Xq))), then za is an algebra homomorphism $gn — A. On the
other hand, the grouplikeness of ® also implies that the map Za : 5%,111 — A is an algebra
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homomorphism. Therefore, thanks to Lemma 1.19, Za oTeg,, : G, — A is the unique algebra
morphism such that it is Za on ﬁOG and maps zg and x; to 0. This proves that zo = Za oTeg,,
and thus identity (13). O

2. DISTRIBUTION RELATIONS

Throughout this section, GG is a non-trivial group, d € Z~q is a divisor of the order of G and

consider the subgroup
GY={g%|ge G}

of G. This section extends algebraic relations between multiple polylogarithm values at roots
of unity to include distribution relations. We begin by examining Racinet’s approach, which
encodes these additional relations into a subscheme DMRD(G) of DMR(G). Parallel to this, we
introduce a subscheme EDSD(G) of EDS(G), which captures the distribution relations within the
framework developed by Arakawa and Kaneko [AK04]. Thanks to the correspondence of schemes
established in the previous section, we prove that these subschemes are indeed isomorphic.
Finally, we apply this equivalent formalism to prove the conjecture of Zhao [Zhal0O, Conjeture
4.7] stated in the introduction.

2.1. The homomorphisms ¢, p?, iﬁd and pEl. Let p? : G — G be the group homomorphism
g+ g% and ig : G — G be the canonical inclusion.
Applying the functor given by Proposition-Definition B.1 (a) for ¢ = i4, we define the Hopf
algebra homomorphism ¢ : (A((Xg>>,£(;7m) — (A((ng>>,3(;d7m). One checks that this ho-
momorphism is explicitly given by

o — X9

Ve x, ifge G?
d zgr> Y g ]
0  otherwise

Applying the functor given by Proposition-Definition B.1 (b) for ¢ = p?, we define the Hopf
algebra homomorphism p? : (A{(Xg)), Agm) — (A{(Xga)), Aga,,). One checks that this
homomorphism is explicitly given by (see also [Rac02, §2.5.3] and [Zhal0, §4])
o — dx()
by -
Ty = T gd
Applying the functor given by Proposition-Definition B.4 (a) for ¢ = i4, we define the algebra

homomorphism ZEl : 9ga — H¢. One checks that this homomorphism is explicitly given by (see
also [Rac02, §2.5.3] and [ZhalO, §4])

o — X9
it
d Tp — Th

Applying the functor given by Proposition-Definition B.4 (b) for ¢ = p?, we define the algebra
homomorphism p‘; : Hqa — Ha. One checks that this homomorphism is explicitly given by

o > dxo
pgl : Th — Z Ty
d=p
Recall from Definition A.2 the pairing (—, —)¢ @ A{(Xg)) ® H — A (resp. (—,—)ga :
A<<XGd>> ® Hqe — A) for L= Xg (resp. L = XGd).

Lemma 2.1. We have
(a) (i5(S2), Pr)ga = (S2,i5(P1))a, for S2 € A((Xg)) and Py € Hga.
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(b) (pil(51),P2)Gd = (Sl,pgl(PQ))G, fOT Sy € A<<XG'>> and Py € ﬁgd.

Proof. This follows immediately by applying Lemma B.5 to ¢ = ig, G; = G% and G5 = G (resp.
gb:pda GlzGandGQZGd)- n
2.2. The schemes DMRD and EDSD of distribution relations.

Definition 2.2 ([Rac02, Definition 3.2.1]). We define DMRD(G)(A) to be the set? of ® €
DMR(G)(A) such that for every divisor d of the order of G, we have

pi(®) = exp < > (‘I>\xg)$1>1'2(@)-

g?=1
Definition 2.3. A Q-linear map Zj : ﬁOG — A satisfies finite distribution relations if for every
divisor d of the order of G, we have (equality of Q-linear maps ﬁgd — A)

ZAOpﬁl:ZAOiEl-

Example 2.4. Let N > 1 be a positive integer. Finite distribution relations of multiple poly-
logarithm values at N*® roots of unity are expressed by (see [Gon01])

(14) Li(kl,...,kr) (Zla L ’Zr) — dk1+-..+kr*7' Z Li(kl,...,kr) (tla . ,tr),

t;i:Zi
1<i<r

for any divisor d of N. Recall from Example 1.4 the Q-linear map Z¢ : ﬁgN — C. For any

divisor d of N and any word xlglflle e mlg*_lx% of 5’)2%, we have

1 dyki—1 ker—1 oy ke — 1 ki1 kr—1
Zg o dpy opy(xg' sy e xg T ws,) = AP Z Zg oy (zg' @y g @),

“N
t?:zi
1<i<lr
which is equal to the right hand side of (14) thanks to (3). On the other hand,
1 k- — _ k1 — —
ZC o qM}, ozﬁd(xol lle .. xlg 1xm) — Z(C 1o qm}r(xol lmz1 .. mlg 1-7;zr)7

which is the left hand side of (14) thanks to (3). Therefore, equality (14) is satisfied if and only
if

Ze © Gy opf = Ze © Gy ol
Thanks to Corollary B.7 (30) (resp. (31)) applied to ¢ = iq, G1 = uy and Go = ué, (resp.
p=pt G = ,u‘]i\, and Gy = uy), this is equivalent to

Zcopgoq;% = Zcoigoq;%.
Hence, equality (14) is satisfied if and only if

Zcopél = Zcoiz.

Definition 2.5. For a Q-linear map Z4 : ﬁOG — A, we define the A-module automorphism oz,
of A[T] such that

oz, (exp(Tu)) = exp < Z ZA(mg)u> exp(Tu),
g'=1
g7#1
for a formal parameter u.

“In [Rac02], this is the set denoted by DMRD(G)(A).
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Let us write
(15) exp < Z ZA(zg)u ) Zélu
1>0
9#1

where 69 =1, 61 = >_ja_y Za(z,) and & = i—il for { > 0. It follows that
g7#1

16) UZA< > ZJZ—J

Additionally, for a word w = zpw’ with h € (G4 {0}) ~ {1} and v’ € X*
Lemma 1.6 that

_ T!
Tegl Zx?u”w =y Z(—l)kxlfukmregm(w/) qul

n>0 k>0 1>0

a» We obtain from

In particular, this implies that

—1)k __
(17) gl (afw) = Y o (of o, ()T
k>0 )

k+l=m

and therefore
(18) tegy, (z1'w) = (=1)"zy (2] mregy, (w')).

Definition 2.6. A Q-algebra homomorphism Z4 : ﬁon — A satisfies reqularized distribution
relations if for every divisor d of the order of G, we have the following equality of Q-linear maps
f)G’d — A[T]
7§ opgl =0z, o?ﬁoig.
Proposition 2.7. An algebra homomorphism Za : H% — A satisfies reqularized distribution
relations if and only if for every divisor d of the order of G, we have an equality of Q-linear
maps Haga — A
eVOA o?i opg = eVOAanA o?i Oigl'

Proof. (=) is immediate. Let us prove (<). In the following, we fix d a divisor of the order of

G.
Step 1 For any m € Z>g, let us show that

Zp o pf(a") = 07, 0 Za 0 if(a).

We have
I i o 511 A Cﬂllnm o Raii Cﬂllnm
O'ZAOZAOZd(.%Jln)—O'ZAOZAO’Ld<W —O'ZAOZA W
g (FAGUTY (T g T
~77a m! — 0\ _Aoj(m—j)!’
]:
where the first equality comes from z]"" = xjmz;m --- mz; = m!z]", the third one from the

fact that Za : H¢.m — A[T] is an algebra homomorphism and the last one from equality (16).
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On the other hand, we have

d mm
—m —m T —m [ P (561) 1 =1 m
Zhoniel) = Zhont (20 ) =74 (ﬁ—> - L (Zhopien)

m! m)! m)!

1 (= " (e "
g?=1 gl=1
g#1

%<T+ZA< Z xg>> = %(60T+51)m

g?=1
g#1

1 m! ; L Tm=i
m!jzoj!(m—j)! ! jzg T (m — j)!

where the second equality comes from the fact that pgl 1 9gd m — NG,m is an algebra homomor-

phism thanks to Corollary B.6 (a) and the last equality comes from the identity 6; = i—]} for
]Stzell) 2 For a word w of $¢a ,, that does not start with 1, let us show that
ZA 0Teg,, o pf(w) = Za o Teg,, o i (w).
By assumption on w, let us write w = zjw’ with h € (G* U{0}) \ {1} and v’ € X},,. We have
ZA oTeg,, o iﬁd(w) = 7 oTeg, o iﬁd(xhw') = Zp oTeg,, (zpw')
= Za (zn(lmrégy, (w')) = Za (zpreg,(w')),
where the third equality comes from (18). On the other hand,
Zp oTegy o pf(w) = ev§ o Zp opf(w) = ev{t 00z, 0 Zp 0 it (w)
—evi ooy, 02y 0 iz(azhw') —evir ooy, 0 Za(Tpw)
=evit ooy, (Za(zp(1mreg,(w'))) = eviy (Za(zp regy(w')))
= ZA (wprég,(w')),
where the first equality comes from Corollary 1.10, the second one from assumption on Za and

the fifth one from expression (18).
Step 3 For a word v of g, that does not start with z1, let us show that

Z'a(v) = Zy oTeg,, (v).
By assumption on v, let us write v = z40" with g € (GU{0}) \ {1} and v' € X},. We have
Za(v) = Zp(2n?') = Za (24108, (v')) = Za 0 Tegy (wpv') = Z4 0 Tegy(v),

where the second equality comes from the composition (4) which interprets 7X as a composi-
tion involving Teg. and enables the use of expression (17) and the third equality comes from
expression (18).

Step 4 For a word w of $ga ,, that does not start with zy, let us show that

7§ o pg(w) = 7? o zgl(w)
Since w € X[, does not start with 1, so is ii(w). Therefore, from Step 3, it follows that

(19) Zp 0il(w) = Z4 0 Tegy, o if(w).
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On the other hand, since w € X gd does not start with 1, pgl(w) is a linear combination of words
in X7 that do not start with ;. Therefore, from Step 3, it follows that

(20) Za opg(w) = ZAo@mopg(w).
Then B B
Zp 0 pf(w) = Z4 0 T8y, 0 pf(w) = Za 0 ¥By 0 dh(w) = Z 0 df(w),
where the first equality follows from (20); the second one from Step 2 and the last one from
(19).
Step 5 For m € Z>¢ and a word w of ¢, that does not start with z1, let us show that
Z'a op?(wﬂ” MW) = 0z, O Za 0 zﬁd(xin mw).
We have
Z opf(a mw) = Zx (sf(@) mpf(w)) = Zx o pf (&) Za o pf(w)
= 075 0 Za 0 iy(@}) Za 0ih(w) = 07, (Za 0 ih(al) Z 0 i(w))

=0y, <7§ <zi(m’{“) mii(w))) = 0z 0 Zp 0ib (2] mw),
§

where the first (resp. last) equality comes from the fact that pg t DGy — DG (Tesp. iy
Ngd = Hem) is an algebra homomorphism thanks to Corollary B.6 (a), the second and fifth
ones from the fact that Z : iy — A[T] is an algebra homomorphism and the third one from
Step 1 and Step 4, the fourth one from the A-linearity of 0z, and the fact that 7101’2(11}) €A
thanks to Step 3.

Finally, since all words in $)g« can be generated by the elements z7" mw, with m € Z>¢ and
w € X[,y that does not start with z1, the equality of Step 5 suffices to prove that

Zpopi=Zaoil,
which is the wanted result. O

Definition 2.8. We define EDSD(G)(A) to be the set of elements Za € EDS(G)(A) such that
the algebra homomorphism Z4 : 5730G,m — A satisfies regularized distribution relations.

Theorem 2.9. The bijection EDS(G)(A) — DMR(G)(A), Za — ®z,oreg, restricts to a bijec-
tion
EDSD(G)(A) — DMRD(G)(A).

Proof. Thanks to Theorem 1.18, this is equivalent to show that for Za € EDS(G)(A)
ZA € EDSD(G)(A) <= Pz, 0z, € DMRD(G)(A).
In the following, we fix a divisor d of the order of G. We have

P(Pzporer,) = > ZaoTeg,(w)pl(w) = Y Za oTeg, opf(w)w
weXy, weX?,

= E evt o Za opgl(w) w,
weng

where the second equality follows from Lemma B.5 applied to ¢ = p?, and the third one from
Corollary 1.10. On the other hand, we have

exp < > (®zp0rcm, Cﬂg)$1>i§(¢ZAoregm) = exp ( > ZA(%)%) > Za oTeg,,(w)if(w)
d=1

gd=1 weXy,

g#1
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= E Zp oTeg,, o iﬁd(w) exp ( E ZA(xg)x1> w,
wGng g4=1
g7#1

where the second equality comes from Lemma B.5 applied to ¢ = ig4.
Let m > 0 and w € X/, that does not starting with z;. We have

(21) (p(®zn0res,)

On the other hand, we have

(0 (32 @ e i,

g4=1

ﬂ:’lnw) —eviroZy o p?(m’lnw)

xTw) = Z ZA oTeg,, o igl(xlfw)él
k+l=m
k>0

(22) = Y Za <(—1)kxh (:df mre“gm(w'))) 5,
s

where the first equality comes from identity (22) and expression (15) and the second one from
expression (18).

Case 1 Assume that Z5 € EDSD(G)(A). Then, for any divisor d of the order of G, m > 0 and
w € X7, that does not starting with x1, we have

<pff(<I>ZAo@m)‘m71nw> = evé 00z, O 7;1 o zi(m{”w) = evé 00z, © 7?(%1”11))

—evit ooy, ( Z (_l})k Za (xh (:U]fmr’evgm(w'))> Tl>

k+l=m
k>0
l
ot ([ a o ) s (5)
TS
_ ~, T
= eV0A< Z (—1)*Za (xh (xlfmregm(w/))) Z@‘m)
k+i=m j=0 7
k,1>0
= 3 (-1 Za (o (of mrrdg () ) 0
k+l=m
k>0

where the first equality comes from (21) and assumption of Za, third one from from the composi-
tion (4) which interprets ZIX as a composition involving Teg L, which enables us to use expression
(17) and the fifth equality comes from (16). This implies that
mTw) = <eXp < Z (CI)ZAOng‘xQ)x1>i:l(CI)ZA0r€gm) ﬂlnw>a
gd=1

which proves that ® 7, .reg,. € DMRD(G)(A).

Case 2 Assume that Zao ¢ EDSD(G)(A). Therefore, there exists divisor d of the order of G,
m > 0 and w € Hga that does not start with x; such that

(pil(q)ZAoﬁm)

Zp opf(a'w) # 0z, 0 Zp o i (2P w).



CONJECTURE OF ZHAO AND STANDARD RELATIONS 17
From Proposition 2.7, it follows that

evit o Zx o pj(a'w) # evit 0 07, 0 Zy 0 if(ai"w).
On the other hand,

<6Xp ( Z (QZAO@IH

g9=1

xTw) = Z eviy 0o Zp o zfl(x’fw) 0
k+l=m
k,1>0

wg):ﬁ) ia(® zporeg,,)

A (_1)k1 k —~ / k
= Z evy Z ZA(xp (2t mreg, (w'))T™ | o

ko
k+l=m k1+ko=k
k,1>0 k1,k2>0
= Z (=1)EZa (xp (2 mreg, (w'))) 6 = evi ooz, 0 Z © zg(x’{“w)
k+l=m
k,1>0

Therefore, thanks to this equality, identity (21) and the assumption on Za, it follows that

x?lw) 7& <6Xp < Z ((I)ZAolreg"ng)xl)iz(q)ZAoregm)‘xanw>’

gt=1

(P(® 27078,

which implies that ®z,.rez, ¢ DMRD(G)(A).
O

2.3. Proof of Theorem I. We now prove Theorem I stated in the introduction. For this, we
establish the equivalence of Theorem I and Theorem 2.10 in Proposition 2.11. After that we
prove Theorem 2.10. These results collectively yield a proof of Theorem I.

Theorem 2.10. Let Zy : ﬁOG — A be a Q-linear map and d a divisor of the order of G such
that:
(i) Za € EDS(G)(A);
(ii) Za o p(xy) = Za o ily(xy), for any h € G4\ {1};
(i1i) Za opg(xhlx;m) =Zpo0 ig(xhlx;n), for any hy € G~ {1} and hy € G%;
where (1) and (iii) are equalities in A. Then, the following equality in A[T] holds

(23) 7? © pg(xfuxfm) = 0Zp © 7? © Z'?j(xhrr/m)’
for any hy, he € G L1 {0}.
Proposition 2.11. Theorem [ is equivalent to Theorem 2.10.

Proof. From Theorem 2.9, it follows that:

(a) assumption (i) is equivalent to the extended double shuffle relations;
(b) assumption (ii) is equivalent to weight one finite distribution relations;
(c) assumption (iii) is equivalent to depth two finite distribution relations;
(d) identity (23) is equivalent to regularized distribution relations.

O

We then dedicate the rest of this section entirely to the proof of Theorem 2.10. First, let us
introduce the following elements
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Definition 2.12. Let d be a divisor of the order of G. For h,hy € G4, hy € G4~ {1},
g,91,92 € G~ {1} define® the following elements of H:

FDT4:(h) :=d Z ToTg — TOTh,
gi=h

FDTg2(h1, he) := Z Z TgLgy — Thy Thys

gi=h1 g§=ho
FDS(g1,92) :== T0Tg1gy T Tg1Tgrgs T TgaTgigy =~ LgiTgy — TgaTgy
RDS(g) := xoxg + 404 — T421.

Lemma 2.13. Let Z : .6% — A be a Q-linear map and d be a divisor of the order of G. For
hyhy € G, hy € GEN {1}, ¢,91,92 € G ~ {1}, we have

(a) FDTy1(h) € ker(Za) <= Za o pf(zox1) = Za o iy(zoxn);

(b) FDTd,Q(hl, hg) S ker(ZA) < ZA Opg(xhlx]m) =Zao0 Z‘El(xhlxhz);

(c) FDS(g1,92) € ker(Za) <= Za o ag' (vg, * 24,) = Za (g, may,);

(d) Assume Za : 9% . — A is an algebra homomorphism. Then

RDS(g) € ker(Za) <= Zj (w1 x x4) = Zp(x1) Zp(xg),
where Z = pz\ oZY o qal 198 — AlT).

Proof. We present a complete proof for statement (d). The proofs for statements (a), (b), and
(c) proceed by similar arguments with appropriate modifications. We have

Zp(z1) = pys 0 ZR oqg (x1) =T,
Zp(zg) = Pgi o Zp o qg,*l(xg) = Za(zyg),
Zp(z1 % 2g) = pr 0 Z% oqgt (m12y + Tg21 + T0TH) = pr o Zp(x1mg + g9 + T0Zy)
= pZ\ o Zp(ximzy — xgx1 + Tgxg + ToTy)
= PZ\ (ZA(21)ZK(2g)) + Za(v0Tg + TgTg — Tg71)
=T ZA(xg) + ZA(xoxg + Tgg — Tg21).
Therefore,
Zp(x1 % xg) — Za(21) Zp(2g) =T Za(39) + ZA(20Tg + 29Ty — Tg01) — T Za(74)
= Za(xoxg + TgTg — Ty21).
Hence,
Zp (w1 % xg) — Zp(21) Zp(29) = Za (RDSz,(9)) ,
thus proving that the vanishing of the left-hand side is equivalent to that of the right-hand side,
which is the wanted result. O

For any divisor d of the order of G denote
Ky :={g € Glg? =1} = ker(p?),

which is a subgroup of G of order d.
The following theorem is a generalization of [Zhal0O, Theorem 4.6].

SHere we use the notation RDS similarly to [Zhal0], where extended double shuffle relations are called regu-
larized double shuffle relations.
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Theorem 2.14. Let d be a divisor of the order of G. For h € G¢, we have (equality in .V)%)

> FDS(g1,92) +2 > RDS(g) ifh=1
gl,ggeKd\{l} gGKd\{l}
FDTy:(h) = Z FDS(g1, 92) + Z RDS(g) — RDS(h)  otherwise
gi=h 4=h
g2€Ka~{1}
+ FDTd,Q(h, 1) — FDTd,Q(h, h)

Proof. We proceed by considering two distinct cases for h.
Case 1 If h = 1, we have

> FDS(g1,42)+2 > RDS(g)

g1,92€Kg~{1} geEK {1}
= E (T0Tgigs + Tg1 Tgrgs + TgoTgrgo — TgrTgy — TgsTgy) + 2 E , (ToTg + TgTy — THT1)
91,926 Kg~{1} geK {1}
= g T0Tgy gy + E Tg1Tgigy T § , Lg1Lgi1g2 — § : Lg1Lgy
g1,92€ K~ {1} 91,92€ Kg~{1} 91,92€ Kg~{1} 91,92€ Kg~{1}
— E Tg Tgy + 2 E ToTg + 2 E TgTg — 2 g Ty
g1,92€Kg~{1} geEK {1} geEK {1} geEK {1}
= E : ToTg1go T 2 E : Lg1Lgigs — 2 E : Tg1Tgy + 2 E : LoLg
g1,92€Kg~{1} g1,92€ Kg~{1} g1,92€ Kg~{1} geEK {1}
+ 2 E TygLg — 2 g Ty
geKg~{1} geKg~{1}
= E Toxg2 + E ToLg g, + 2 E Tgr1 + 2 E Tg1Tg1gs
geEK {1} g1,92€ Kg~{1} geEK {1} 91,92€ Kg~{1}
92791 9297 "
—2 E Tglg — 2 E Ty Tgy + 2 E ToTg + 2 E TgTg — 2 g Ty
geEK {1} g1,92€ Kg~{1} gEK {1} geEK {1} geEK {1}
92791
= g zoTy2 + E ToTg g, + 2 g Tg1Tgrgy — 2 E Tgy X g,
geK ~{1} g1,92€ K~ {1} 91,92€ Kg~{1} g1,92€ Kg~{1}
92791 92797 " g27#g1

+ 2 Z ToTgy

gEK {1}
= g zoTy2 + E < E ToTgy — TOTg2 — xoxgl) +2 E Tgy X g,
geEK {1} g1€K~{1}  g2€Ky 91,926 K~ {1}
92791
-2 E Ty Tgy + 2 E Ty
91,92€ Kg~{1} gEK {1}
92791
= E Torge + (d—1) E TOTg — g ToT 2 — g oLy + 2 E ToTg
geK {1} geKy geK {1} geK {1} geK {1}

=(d-1) Z Toxg + Z zrory = (d—1) Z zozg + Z TOTg — ToT1

geK gEK g~ {1} gEKq 9K,



20 HENRIK BACHMANN AND KHALEF YADDADEN
=d E zorg — xor1 = FDTq1(1),
geEKy
where the sixth equality comes from
Z L0Lg1gs = Z 0L gy
g2€Ky g2€Ky4
for any g1 € K4, and from

E : Lg1Tgigs = E Lg1Lygs-

91,926 Ka~{1} 91,92€ K~ {1}
92797 " 92741

Case 2 If h # 1, we have

> FDS(g1,92) + Y RDS(g) = RDS(h) + FDTy2(h, 1) — FDT2(h, h)

g{=h gl=h
g2€K {1}
= E (T0Tg1gs + Tg1 Tgrgo T TgoTgrgy — TguTgy — TgpTgy) + § , (Tozg + TgTg — T421)
gi=h g=h
g2€K {1}
— (xoxp + Ty — ThT1) + < E L Tgy — th1> — ( E Tg Tgy — mhxh>
g2€Ky
= E E LoLg,go + E E Lgy Lgygo + E E LgoTgygo
g2€Ka~{1} g¢=h gl=h g2€Ka~{1} 92€Ka~{1} g¢=h
— E E Tg Tgy — E E Tg,Tgy + E ToZTg + E TgTg — E TgT1
g‘li:hggeKd\{l} g‘li:hggeKd\{l} gd:h gd:h gd=h
— Zoxp + E : E : Lg1Lgs — E , E Lg1Lgy
gl=h926Kq gl=h gd=h
- § : E :xomgl"i_ E , E , Tg gy + E E :x92x91
g€ K ~{1} gi’l:h gf:h gé’l:h g2E€K {1} Q?Zh
g2# 91
_E: E: %1%2_5: E x92x91+§:x0x9+§:x9%—E:xgxl
gd=h ga€Kq~{1} gl=h g2€ K~ {1} g%=h gi=h gi=h
— XoTp + g g TgTgy — g E Tg, T g,
g‘f:h92€Kd gf:hgg:h

=(d-1) Z oLy — Z Tgxg + Z xgry + Z xoTy + Z Tgly — Z TgT1 — ToTh
g%=h gi=h gi=h g%=h g%=h g%=h
=d Z zorg — xoxp = FDTy1(h),

g9=h

where the third equality follows from

E xoxgng = xoxgl,
gf:h gf:h
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for any go € Kg; and from

E LgiLgrgo = Lg1Lgas
g2€K, gd=h

for any g7 such that g? = h; and from
Z LgaLgrgs = LgaZgrs
for any g2 € K.
O

Proof of Theorem 2.10. Depending of the values of h; and ho, we summarize all possible cases
in the following table:

h ha 0 1 Gi {1}
0 Case 3 | Case 4 | Case 5

1 Case 6 | Case 2 | Case 7
G?~ {1} | Case 6 | Case 1 | Case 1

Case 1 hy; € G4~ {1} and hy € G?. This follows immediately from assumption (iii).
Case 2 hy = hy = 1. This follows from Step 1 of the proof of Proposition 2.7 with m = 2.
Case 3 h; = hg = 0. We have

(24) Za 0 pf(20) = dZ s (x) = 0.
Then
—m —m 1 1-m
Za op?(m%) =Za opg <§x0mx0> = §ZA op;f(:ﬂo)2 =0,

where the second equality follows from the fact that 7§ o pg : 9°G% m — A[T] is an algebra
homomorphism and the last one from identity (24). On the other hand,

(25) Zp 0it(x0) = Zp(20) = 0.
Then

—m —m 4 1 1 —m
075 0Zp 0 zg(x%) =07, 0440 zz <§xomxo> = 502a <ZA o zZ(mo)2> =0,

where the second equality follows from the fact that Z o iz : $°G% m — A[T] is an algebra
homomorphism and the last one from identity (25).
Case 4 h; =0 and hy = 1. From Theorem 2.14, we have that

(26)  Za (FDTz,,4:1(1)) = Z Za (FDSz, (g1, 92)) + 2 Z Za (RDSz,(9)) -
g1,92€Kg~{1} geEK {1}
From assumption (i), one may apply Lemma 2.13 (¢) and (d) to conclude that the right hand

side of equality (26) is equal to zero. The result then follows by applying Lemma 2.13 (a).
Case 5 h; = 0 and hy = h € G? \ {1}. From Theorem 2.14, we have that

(27) ZA(FDTzq1(h) = Y. Za(FDSz.(g1,92) + Y Za (RDSz,(9))
gi=h gi=h
g2E€K {1}

— Za (RDSz, (h)) 4+ Za (FDT g, 42(h,1)) — Za (FDT 4, 4.2(h, b)) .
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From assumption (i) (resp. (iii)), one may apply Lemma 2.13 (c) and (d) (resp. (b)) to conclude
that the right hand side of equality (27) is equal to zero. The result then follows by applying
Lemma 2.13 (a).

Case 6 hy = h € G%, hy = 0. We have

Zp o pf(xnmo) = Zp 0 pf(wnmag — moxy) = Zp o pf(znmao) — Za o pf (xoxn)

= Z o p{(zn) Za o pf(x0) — Za o pf(xoxn) = —Za o pf (xoxs)

=—Zpo0 iﬁd(xoxh),

where the second to last equality follows from equality (24) and the last one from the identity
obtained in Case 4 (h =1) and Case 5 (h # 1). On the other hand,

OZa © 7i 0 iﬁd(xhxo) =0z, © 7§ o Zi(mh Xy — Toxp)
= 02x (Z4 o #ilwn mixo) — 74 o y(womn)

=0z, <7X o zg(xh) 7X o 22(950) —Z)o zz(xoxh))

=—Zpo0 iﬁd(xoxh),

where the second to last equality follows from equality (25) and the last one from the fact that
ToTp € .ngd and oz, (1) = 1.
Case 7 hy =1, hg = h € G4~ {1}. We have

Z' 0 p?(mlxh) =70 p?(ml mr, — Tpr) = Za opgl(xl mzy) — Zp o p?(mhxl)
= Za o pf(x1) Zp opf(x1) — Za o pf (zha1)
= 074 0 Z4 0 igx1) Z o pf(wn) = Za 0 if(anar)
=075 (Za o iif@n)) Z& oifen) — oua (Za 0 iifana))
=0z, (712 o ig(xl) Zx o igl(xh) — Zao© igl(xhxl))
=0z, (71& o zi(ml mxy, — xhx1)> =0z, 0Zp 0 Z'El(;clxh),

where the third equality follows from the fact that 7? o pg : Y)Ode — A[T] is an algebra
homomorphism; the fourth one from Step 1 of the proof of Proposition 2.7 and assumption
(iii), the fifth one from assumption (i) and the fact that oz, (1) = 1, the sixth one from A-

linearity of o7, and the seventh one from the fact that Z, o igl : ﬁgd . — A[T] is an algebra

homomorphism.

0

Remark 2.15. Applying the reasoning analogous to that in Proposition 2.11, one can verify
that the statement in Case 7 is equivalent to [ZhalO, Conjecture 7.1]. Consequently, the proof
provided in Case 7 also establishes this conjecture.

APPENDIX A. QUASI-SHUFFLE PRODUCTS

We will consider now a more general point of view for all the products considered before. For
this, suppose that we have a set £, called the set of letters, and a commutative and associative
product ¢ in L. Extending this product bi-linearly to QL gives a commutative non-unital Q-
algebra (QL,¢). We will be interested in Q-linear combinations of multiple letters of L, i.e., in
elements of Q(L). Here and in the following we call monic monomials in Q(£) words. Moreover,
we call the degree of this monomial the length of the word.
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Definition A.1. Define the quasi-shuffle product *, on Q(L) as the Q-bilinear product which
satisfies 1 %, w = w %, 1 = w for any word w € Q(L) and

aw *o bu = a(w *o bv) + baw *, v) + (a © b)(w *, v)
for any letters a,b € £ and words w,v € Q(L).
This gives a commutative Q-algebra (Q(L), %) as shown in [HI17]. Moreover, one can equip

this algebra with the structure of a Hopf algebra [HI17, Section 3], where the coproduct is given
for w € Q(L) by the deconcatenation coproduct

Alw) = Z URU.

Now we consider the completed dual Hopf algebra of (Q(L), *,, A). For this, we need to give
a restriction on ¢, that is, we assume that any a € £ just appears in b ¢ ¢ for finitely many
b,c € L. More precisely, define for a,b,c € L the coefficients \j ., € Q by

boc= Z Ap. -
acl

In the following, we will assume that for any a € L there are just finitely many b,c¢ € £ with

g,c 7& 0.
As a consequence of Lemma A.3 below, the dual completed Hopf algebra of (Q(L), %, A) is
then given by (A((L)), conc, A, ), where conc is the concatenation product and A, : A{(L)) —
A{(L£))*? is the unique Q-algebra homomorphism such that

Anla)=a®l+1@a+ Y M. boc
b,ceL
for any a € £. Since we just consider ¢ such that for any a € £ the coefficients A} . are zero for
almost all b,c € £ and therefore 3*0 is well-defined.

Definition A.2. Define the pairing
A((L) ®Q(L) — A
Y Qwr— (Y [ w),
where, as before, (¢ | w) denotes the coefficient of w in .

Lemma A.3. For any ® € A((L)) we have
A (@)= ) (@|usv)u®v.

uWEL*

Proof. Notice that the statement is equivalent to (A, (®) | u®v) = (® | u*,v) for all u,v € L*.
Due to linearity, it suffices to show

(28) (A, (w) | u@w) = (w] uxev)

for words w, u,v € L*. We will perform induction on the length of w. In the length case 1, that
is, when w = a € L we have

A (a)=a®1+1®a+ > A, a1®as
a1,a2€L

By the definition of u *, v we see that v = a,v = 1 or u = 1,v = a or u = a1,v = ay (with

multiplicity \j, ,,) are exactly cases where a can appear as a coefficient of u %, v and therefore

(Ass(a) [u®0v) = (a|uowv).
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Next, notice that (28) is trivial for any w when w or v is the empty word. Therefore, we can
restrict ourselves to the case w = aw’, u = bu’ and v = v/, for letters a,b,c € £ and words
w',u',v" € L*. Then we want to show that

(29) (A, (aw') | b/ @ ') = (aw' | bu’ %, ).

For the left-hand side of (29) we have

(A, (aw') [ b @ ') = (A, (a)A, (w)) | b’ @ cv')
= ((a® DA, (') | b’ @ ') + (1 ® @) A, (W) | b @ ')
+ X, oy (a1 @ a2)A, (W) | bu' @ cv)

a1,a2€L

= 50«7b(3*<> (’U}/) ‘ ’LL/ & C’U/) + 5&,6(3*0 (U)/) ’ bu/ & ’U/)
+ Z Aghagéal,béag,c (K*Q (’U),) | Ul ® ’Ul)

at,a2€L
= Sup(Bu, (W) | 0/ ® V') + Sae(As, (') | bl ® )
+ AL (A, (W) | W/ @),

Here, 0,5 denotes the Kronecker delta. Using the definition of bu’ *, cv’, the right-hand side of
(29) is given by

(aw | bu’ %4 cv”) = (aw | b(u' %, cv')) + (aw’ | c(bu x5 v")) + (aw' | (bo c)(u %, v))
= dap(w' [ U %6 V') + 8gc(w | b 56 v) + Aj (w0 | 0 %6 0").

Equation (29) then follows from the induction hypothesis. O

As before, denote the set grouplike elements of A((L)) for the coproduct 3*0 by
GA((L))) = {® € A((L)*| As, (P) = D ®}.
Given a Q-linear map ¢ : Q(£) — A we define the following element in A((L))
= Z o(w)w.
weL*

Proposition A.4. The following two statements are equivalent

(a) The map ¢ : (Q(L),*,) — A is an Q-algebra homomorphism.
(b) We have ®, € G(A((L))).

Proof. First notice that Lemma A.3 gives

ﬁ*o(q)@) = Z (Py|w *o v) W ® .
w,veEL* S
= p(wov)

By direct calculation we have

D, 0B, = (Z so(w)w> ® (Z so(v)v> = Y el w .

weL* veEL* w,vEL*

Therefore, 3*0(%) = o, ® ®, if and only if p(w *, v) = p(w)p(v) for all w,v € L*. O
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APPENDIX B. FUNCTORIALITY RESULTS

In this appendix, we revisit the functors (—)* and (—). defined in [Rac02]. This overview
aims to clarify key aspects and highlight some important properties of these functors. This will
provide a useful foundation for the definition of their respective dual counterparts (—)* and (—);
that we introduce in this paper.

Throughout this appendix we will denote by FinAb the category of finite abelian groups and
A-Alg the category of A-algebras.

Proposition-Definition B.1 and Lemmas B.2 and B.3 below are mentioned in [Rac02, §2.5.3]
without proof.

Proposition-Definition B.1 ([Rac02, §2.5.3)).

(a) Define the mapping (—)* : FinAb — A-Alg as follows:
(i) To each group G, associate the algebra A{(X¢));
(i) To each group homomorphism ¢ : Gi — Ga, associate the algebra homomorphism
¢" : A{{Xa,)) = A((Xq,)) given by

To — Zo; Tp Z zg (h € Go).
g€o ' ({h})
Then the mapping (—)* is a contravariant functor.
(b) Define the mapping (—)s : FinAb — A-Alg as follows:
(i) To each group G, associate the algebra A{(Xq));

(i) To each group homomorphism ¢ : Gi — Ga, associate the algebra homomorphism
oy A{(Xay)) = A((Xq,)) given by

xo—=dxg (d=|ker(9)]); Ty Ty (9 € Gr).

Then the mapping (—)« is a covariant functor.

Proof.

(a) This can be established through direct verification, utilizing the contravariance of the power
set functor P*. Recall that P* maps each set F to its power set P(F) and each map
f: E — F to the map P*(f): P(F) — P(E) defined by P*(f)(U) = f~Y(U) for U C F.

(b) This can be established through direct verification, utilizing the covariance of the power set
functor Py. Recall that P, maps each set E to its power set P(F) and each map f: E — F
to the map P (f) : P(E) — P(F) defined by P.(f)(S) = f(S) for S C E.

0

Lemma B.2. Let ¢ : Gy — G be an arrow in FinAb. Then, the algebra homomorphism
¢" : A((Xa,)) = A((Xa,)) (resp. ¢. 0 A{(Xay)) — A((Xay))):
(a) is a Hopf algebra homomorphism ¢* : (A((Xa,)), Agym) = (A{(XG,)), Ac, m) (Tesp. s :

(A{(Xe,)), Ay m) = (A((X6,)) Agym) )i
(b) restricts to an algebra homomorphism ¢* : A((Yg,)) — A<(YGA>> (resp. ¢y : A<<YGA1>> —

A((Ya,))), which is a Hopf algebra homomorphism (A((Yay)), Ay «) = (A((YG)), Acy +)
(resp. (A{(Yey)) Ay x) = (A((Y62)), BGax))-
Proof.

(a) The fact that Agl’m 0 ¢* = (¢")%? o 3G2,m (resp. AGMI 0 ¢ = (¢4)%? 0 ﬁghm) can be
established through direct verification on the generators.
(b) This follows from the fact that ¢* (x5 'xy) = D geo—1({h}) xp~ta, for any (n,h) € Zsg x Go

(resp. ¢u (2l 'ay) = d"_lﬂ:g*lx(b(g) for any (n,g) € Z~ox G1). From this, one can establish
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through a direct verification that Ag, . 0 ¢* = (¢*)®2 0 Ag,. (resp. Ay 0 e = (¢2)% 0

AGL*)
O

Lemma B.3. Let ¢ : Gi — G5 be an arrow in FinAb.
(a) We have an equality of A-module homomorphisms A((X¢a,)) = A((Ya,))

Tyg, 09" =@ omyg,
and an equality of A-module homomorphisms A{((Xa,)) — A{(Yg,))
Mg, © Px = G 0 Ty, -
(b) We have an equality of A-module homomorphisms A((Xqa,)) — A{(Xa,))
qc, © 9" = ¢" e qa,
and an equality of A-module homomorphisms A{(Xq,)) = A{(Xa,))
qG, © ¢+ = ¢« 0 4G, -
Proof.
(a) This follows from the direct sum decomposition A((Xg,)) = A((Yg,)) & A{(Xg,))zo (i €

{1,2}) and the fact that ¢* (resp. ¢, ) restricts to A{((Ys,)) — A((Yg,)) (resp. A((Yg,)) —
A({(Ys,))), thanks to Lemma B.2 (b).
ny—1 Ny41—

(b) Tt is enough to prove this equality on a word zg' tap, ---zf" tap, @ L of A{(Xg,))
(resp. z Ly o alm g, 2l T of A((X@,))). We have

w(,n1—1 ny—1 Ney1—1y np—1 ne—1 nyy1—1
dG, ° ¢"(zg' " T, TG TR, T ) = E dc, (75" Tg, Ty T, T )

¢(gi)=h;
1<ilr

_ ni—1 na—1 e | nyp1—1
= E Yo Tako Tgrtg, ottt To Lol g.To

#(g:)=hi
1<i<r

_ ni—1 no—1 el nry1—1
= E: E: Lo~ TgiXo~ Tgh: Ty  LgrLg

¢g)=h1 ¢(g;)=h;"  hi
2<i<lr

sk ni—1 ng—1 ny—1 npyyp1—1
=9 (9”0 Thilo~ Tpotp, Ty Tp-1op o >
% ny—1 ny—1 ny41—1

= ¢ oqg, (g TR, Ty Th, T ),

where the third equality follows by applying the change of variables

-1 -1
gi =91, gé =91 92, -+, g;* =9,-19r-
For the second identity we get
_ — rr1—1 — - r+1—1
Ac, © Gu(ag' g, -y g ag ) = aa (26 Ty w0 T )

Nr41—1

—1 r—1
0" To(g)1(g2) T T0T T(ge_1)~1e(gr)T0

_n1—1
=To  Te(g1)To

_ ,.ni—1 ng—1 R e | Nr41—1
—T0 Telg)To Tergrtgr) T To(gt g0 M0

— ni—1 na—1 L. ny—1 Nr41—1

= @y (wo Tg &y Totgy =Ty Tyl g Lo

_ ni—1 nr—1 Npy1—1
= ¢xoqe, (25" 3y, - 2qT g,y ),

where the third equality follows from the fact that ¢ is a group homomorphism.
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We now define the dual counterparts of the functors (—)* and (—)..

Proposition-Definition B.4.
(a) Define a mapping (—)* : FinAb — A-Alg as follows:
(i) To each group G, associate the algebra Hg;
(i) To each group homomorphism ¢ : Gy — Ga, associate the algebra homorphism o

Hae, — Ha, given by
xo > To; Ty Ty (9 € Gr).
Then the mapping (—)* is a covariant functor.
(b) Define a mapping (—)s : FinAb — A-Alg as follows:
(i) To each group G, associate the algebra Hg;
(it) To each group homomorphism ¢ : Gy — G2, associate the algebra homorphism ¢y :

N, = HNa, given by

xo—dxg (d=|ker(d)]); Tp > Z zg (h € Go).
ges~t({h})

Then the mapping (—)y is a contravariant functor.

Proof. This can be proven by applying the same reasoning used in the proof of Proposition-
Definition B.1. 0

Let ¢ : G1 — G2 be an arrow in FinAb. For i € {1,2}, consider the pairing
(_’ _)i : A<<XG1>> ® He; — A,
from Definition A.2 for the case £ = Xg;.

Lemma B.5. Let ¢ : G1 — G4 be an arrow in FinAb. We have

(a) (¢*(S2), P)1 = (Sa, #4(Py))2, for So € A((Xg,)) and Py € Hg, .
(b) (9«(51), P2)2 = (51, ¢3(F2))1, for S1 € A((Xg,)) and P € Hi,-

Proof.
(a) It is enough to show this equality for P, = 20" 'z, - --xg*_lngmgr“_l € X¢,, due to
linearity. We have ¢*(P;) = x81_1m¢(g1) e xgrlxﬂgr)xg’"Jrrl. Therefore,
(6" (S2)IP)1 = (6" (Sl gy g g™y
-1 r— r+1—1
= (Sa2lzg" ™ @g(g) - @ 1$¢(gr)xg )2 = (52|¢ﬁ(P1))2-

(b) Tt is enough to show this equality for P, = xgl_lxhl . --xgrlﬂ:hrxgHrl € X¢,, due to
linearity. We have

¢ﬁ(P2) — gmttne—(r41) § : x:)u 1$g1 . ‘_xgr lxgrxgrﬂ )
gi€¢” ' ({hi})
1<i<r
Therefore,

_ _ ra1—1
(4 (S1)|P2)2 = (¢ (S1) |Gt apy - 2l rap,ag ™™ )2
S S (8 iy ),

gi€d™ ({hi})
1<i<r

= (S1]¢*(Po)1-
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Corollary B.6. Let ¢ : G1 — Gy be an arrow in FinAb.

(a) The map ¢ (resp. ¢4 ) is an algebra homomorphism HG, m — NDaym (1esp. NGom — NGy m)-

(b) The map ¢* (resp. ¢y) restricts to an algebra homomorphism 5351 — 5352 (resp. 5352 —
5’)51). Moreover, it is an algebra homomorphism '6%}1,* — .6};27* (resp. .6};27* — '6%;1,*)'

Proof.

(a) Let P,Q € H¢,. To prove the statement, we will instead demonstrate that for any w € X, ,

we have (¢f(PmQ),w)s = (¢*(P) m ¢*(Q), w)s. The equivalence of these statements allows
us to proceed as follows:

(¢*(PmQ)w)z = (PmQ¢"(w)) = (P ® Q.Ano¢"(w))
= (P ® Q. (6% 0 Bu(w)) = (¢(P) ® #(Q), Bu(w))
= (#P)meF(Q).w) .
where the first and fourth equalities come from Lemma B.5, the second and last ones from
Lemma A.3 and the third one from Lemma B.2 (a).
The exact same arguments applies for ¢y.

(b) The proof mirrors the reasoning employed in (a), with the key difference being the appli-
cation of Lemma B.2 (b) instead of B.2 (a).

2

0

Corollary B.7. Let ¢ : G1 — G5 be an arrow in FinAb. We have an equality of Q-linear maps
f)Gl — '6G'2

(30) Sle O(bti = (ﬂi °dg,»
and an equality of Q-linear maps Ha, — HNa,
(31) da, opy = ¢y 0 dg, -

Proof. Let P € $i,. To prove the statement, we will instead demonstrate that for any w € X¢,,

we have (¢ o q¢, (P),w)2 = (qg, °¢*(P),w)2. The equivalence of these statements allows us to
proceed as follows:

(¢ 0 ag, (P),w)z = (dg, (P), 6" ()1 = (P agl o ¢ (w) = (P 6" 0 agh(w))
= (#(P).agi(w), = (ac, o6 (P) . w) .

where the first and fourth equalities come from Lemma B.5, the second and last ones from
identity (5) and the third one from Lemma B.3 (b). Finally, one may apply similar reasoning
to prove identity (31). O

1
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